Abstract. For a bi-partite quantum system defined in a finite dimensional Hilbert-space we investigate in what sense entanglement change and interactions imply each other. For this purpose we introduce an entanglement-operator, which is then shown to represent a non-conserved property for any bi-partite system and any type of interaction. This general relation does not exclude the existence of special initial product states, for which the entanglement remains small over some period of time, despite interactions. For this case we derive an approximation to the full Schrödinger-equation, which allows the treatment of the composite systems in terms of product states. The induced error is estimated. In this factorizationapproximation one subsystem appears as an effective potential for the other. A pertinent example is the Jaynes-Cummings model, which then reduces to the semi-classical rotating wave approximation. 
Introduction
During the last decades entanglement has been investigated under various aspects. The famous EPR-paradox, for example, has led to a discussion of the most basic principles of quantum physics [1] . The Gedanken experiment based on "Schrödinger's Cat" may be seen as an attempt to challenge the consistency of quantum mechanics: it has been argued that this situation could only be understood by allowing for entanglement between the atom and the cat which, on the other hand, should be considered a classical object [2] . But, by definition, a classical object cannot become entangled with any other system.
Since it has been shown, that quantum algorithms have the potential to outperform corresponding classical computing [3] [4] [5] , considerable efforts have been made to implement gates like the so-called quantum controlled NOTgate (QCNOT). Performing a QCNOT generically results in preparing an entangled state. Meanwhile various experimental schemes to prepare entangled states have been developed [6, 7] .
In all these approaches entanglement has been in the very center of interest. The question was always either how to interpret the state of two systems being entangled, or how to deliberately produce entanglement and detect it, once it has been produced.
Rather neglected seems to have been the question of entanglement as an unavoidable "waste product" of quantum mechanical dynamics. Little attention has been paid to the fact that it cannot be taken for granted that any two a e-mail: jochen@theo1.physik.uni-stuttgart.de b e-mail: mahler@theo1.physik.uni-stuttgart.de interacting systems will remain in a product state, even if they have been in one in the beginning [11, 14] . This means that there is always the possibility for them to entangle. And if they are entangled, it is impossible to assign two separate wavefunctions to the subsystems. Nevertheless this is typically done in standard "textbook level" quantum mechanics: the particle in a box, e.g., is always described by a wavefunction although it definitely interacts with the box that necessarily consists of a many particlequantum-system itself and therefore could become entangled with it. There is no discussion of the electron going through the double slit being possibly entangled with the material defining the slit itself.
But since these approximations typically lead to excellent results, it should be possible to point out why. In which situations is it reasonable to neglect entanglement and treat whole complicated systems as effective potentials for another quantum-system? Apart from the rather academic desire to understand the basis of this "classical limit", there is also a good practical reason to address such questions.
An important prerequisite of all quantum computer designs suggested so far is the possibility of so-called local unitary transformations. These should be performed selectively on each effective spin (q-bit) through potentials that are supposed to be controllable in time [15] . But again, in reality, those potentials can only be implemented by means of other complicated quantum-systems that could possibly entangle with those spins: this would inevitably lead to decoherence. But quantum computers need to be coherent. In that sense the problem of entanglement through interaction (as required by external 386
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Our paper is organized as follows: we first specify a theorem relating some purity measure P (as an entanglement test) to inter-subsystem interactions (Sect. 2). For the proof of this theorem (Sect. 3) we proceed as follows.
Starting from the von-Neumann-equation, which describes the dynamics of the density operator, we proceed by inserting an expansion of the density operator into this equation. The result is an equation only in terms of the expansion coefficients that has exactly the form of the Schrödinger-equation and will therefore be called "quasiSchrödinger-equation". It is now possible to define a linear operator in the space of those coefficients which has an expectation value equal to P , and will therefore be called "purity operator". Since the dynamics of those coefficients are controlled by an equation that is formally identical with the Schrödinger-equation (including a "quasiHamiltonian"), it is possible to reduce the question of P being conserved or not, to the problem whether the commutator of the purity operator and quasi-Hamiltonian will vanish or not.
Thus, the mathematical scheme used here is essentially the same as used in standard quantum mechanics to identify conserved quantities. Only the space of the state vector and the interpretation of the considered quantities, are different.
The last step will be to show, that the above commutator becomes nonzero whenever the full Hamiltonian involves any kind of interaction.
However, even in the presence of interactions the system may remain "almost" unentangled. In Section 4 we use our quasi-Schrödinger formulation to derive the factorization-approximation with its effective potentials for this case. In Section 5 the induced error is estimated to lowest order. In Section 6 we apply the results to the Jaynes-Cummings-model.
Theorems
There is a still ongoing debate on entanglement measures [9] . A lot of propositions have been made, but it seems still rather difficult to introduce a general entanglement measure that satisfies all conditions that have been imposed on such a measure and, at the same time, is applicable for any number of subsystems and any case (pure and mixed states of the whole system). And it seems even more difficult to construct a measure in such a way that it could actually be calculated (or measured!) for reasonably complicated situations.
Fortunately, it is possible to introduce a simple measure under specific conditions: if the state of the whole system is a pure state, and the full system is being regarded as divided into two subsystems, a convenient entanglement measure is 1 − P , where
II are the reduced density matrices of the corresponding subsystems.
Entanglement between to subsystems originating from unitary quantum evolution, can only result from interactions 1 . If two systems do not interact they can be treated without even taking the other one into account. So, if they are both in pure states at the beginning, which means they are in a product state with respect to the whole system, they will remain so forever under these conditions.
One may ask now whether two systems that interact might remain entanglement-free, depending for example on the kind of systems that interact, or on the kind of interaction that is considered.
Concerning this question we are aware of only rather vague statements in the literature. A typical formulation due to d'Espagnat reads:
Theorem A -"In general it is impossible to describe systems that interacted in the past by separate wavefunctions" [11] .
But does this always have to be the case? To address this problem we will prove the following theorem for finite discrete Hilbert-spaces.
Theorem B -"There exists no interaction what so ever between arbitrary systems, such that the entanglement measure (1 -P) remains conserved".
This theorem does not imply that there cannot be initial states, starting from which the system might remain in a product state, though it can be shown that those states, if they exist at all, only play a negligible role in typical larger systems. But it definitely means, that there must be initial states that lead to entanglement, even between the particle and the box-system, or between the electron and the slit-system.
Further consequences of theorem B can most conveniently be assessed from an approximation-scheme that is valid as long as the systems remain approximately unentangled, as will be shown in Sections 4, 5 and 6.
Proof of theorem B

Basis operators
The operators into which the density matrix will be expanded here, are products of the generators of the respective SU (n) groups, where one set of generators corresponds to one subsystem [8] .
The basis operators for the different subsystems are defined in the following way:
